Epsilon factor for GL_l \times GL_{l'}; l\neq l' primes by Takahashi, Tetsuya
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EPSILON FACTOR FOR GLl×GLl′; l 6= l′ PRIMES
TETSUYA TAKAHASHI
Abstract. Let F be a non-Archimedean local field with finite
residual field of characteristic p. In this article we calculate the
ε-factor of pairs for GLl(F ) ×GLl′(F ) where l and l′ are distinct
primes including the case l = p. For this calculation, we use the
local Langlands correspondence and non-Galois base change lift.
This method leads to the explicit conjecture of the ε-factor of the
representations of GLm×GLn when n is relatively prime to m and
p.
1. Introduction
Let F be a non-Archimedean local field with finite residual field of
characteristic p and the WF the absolute Weil group of F . For an
integer n ≥ 1, we denote by An(F ) the set of equivalent classes of irre-
ducible supercuspidal representations of GLn(F ) and by Gn(F ) the set
of equivalent classes of irreducible continuous complex representations
of WF of dimension n. The local Langlands conjecture tells us that
there exists a unique bijection ΛFn from Gn(F ) to An(F ) which satisfies
the following conditions:
(1) For χ ∈ F̂×and σ ∈ Gn(F ),
(1.1) ΛFn (χσ) = χΛ
F
n (σ)
(By the reciprocity map of local class field theory, we identify
F̂× = A1(F ) with W abF = G1(F ). By this identification, Λ1 is
the identity map.)
(2) For σ ∈ Gn(F ),
(1.2) ΛFn (σˇ) = Λ
F
n (σ)
∨.
(3) Let ωpi denote the central quasi-character of π ∈ An(F ). For
σ ∈ Gn(F ).
(1.3) ωΛFn (σ) = det σ.
(4) Let ψF be a non-trivial character of F . For σ ∈ Gn(F ),
(1.4) ε(ΛFn (σ), s, ψF ) = ε(σ, s, ψF ).
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where the left hand side is the Godement-Jacquet local constant
[13] and the right hand side is the Langlands-Deligne local con-
stant [11]. (In fact, this condition is contained in the following
condition (5).)
(5) For σ ∈ Gn(F ) and σ′ ∈ Gn′(F ),
(1.5) ε(ΛFn (σ)× ΛFn′(σ′), s, ψF ) = ε(σ ⊗ σ′, s, ψF )
where the ε-factor of pairs of the left hand side is in the sense
of [19], [25].
This conjecture has been proved in [23] when chF = p and in [14],
[17] when chF = 0. But their proof relies on the global tool and say
nothing explicit about the local Langlands correspondence.
On the other hand, there are some explicit correspondences in the
following cases:
(1) When (n, p) = 1, Howe-Moy [15],[22] gives an explicit bijection
between Gn(F ) and An(F ) when (n, p) = 1. (See also [24]).
(2) When n = p, Kutzko-Moy [20] gives an explicit bijection be-
tween Gn(F ) and An(F ) . (See also [16]).
(3) When n = pm, Bushnell-Henniart [3] gives an explicit bijection
between Gwrpm(F ) and Awrpm(F ) . (For the definition of Gwrpm(F )
and Awrpm(F ) , see below Remark 3.2,)
All three bijections satisfy the condition (1)–(4) of the local Lang-
lands correspondence. Thus the main obstacle to get the explicit lo-
cal Langlands correspondence is ε-factor of pairs. We know very few
about the explicit calculation of ε(π1 × π2, s, ψF ) for π1 ∈ An1(F ) and
π2 ∈ An2(F ); The known cases are (i) n1 = n2 ([21]) and π2 = πˇ1 ([5]),
(ii) π1 ∈ Awrpi1 (F ) and π2 ∈ Awrpi2 (F ) ([6]).
In this paper we consider the case n1 6= n2 are primes. Set n1 = l
and n2 = l
′. We admit the case l = p. Since l 6= l′, we may assume
l′ 6= p. We get the relation of ε -factor of GLl(F ) × GLl′(F ) with ε-
factor of GLl(E) where E is an extension of F associated with π2. (See
Theorem 4.1.)
Let us summarize the contents of this paper, indicating its organiza-
tion:
Section 1 reviews the construction of irreducible supercuspidal rep-
resentations π of GLl(F ) and the explicit formula of ε(π, s, ψF ). All of
this section is well-known. Section 2 is devoted to review some explicit
correspondences and the tame lifting. When l 6= p, Gl(F ) consists of
the representations in the form IndWFWE θ; E/F is an extension of degree
l and θ is a quasi-character of E×. By way of such θ, there is very ex-
plicit Howe-Moy correspondence between Gl(F ) and Al(F ). But when
l = p, there exists non-monomial representations in Gp(F ); so we need
the tame base change lift to get the correspondence. (See [20],[3].) Let
π ∈ Awrp (F ) and K/F a tamely ramified extension. After the definition
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of [2], we give the tame base change lift lK(π) explicitly (Theorem 3.5)
and show lK is compatible with the local Langlands correspondence
(Proposition 3.7). We also define the tame base change lift lK for
the case l 6= p and prove it is compatible with the Howe-Moy corre-
spondence (Proposition 3.9). These are essential tool to calculate the
ǫ-factor of pairs. Section 3 calculates the ε-factor of GLl′(F )×GLl(F ).
By the result of Bushnell-Henniart [7], the Howe-Moy correspondence
coincides with the Local Langlands correspondence for GLl(F ). Thus
we calculate the ε-factor in the Galois side and then transfer it to the
automorphic side using the results in section 2.
Notation
Let F be a non-archimedean local field. We denote by OF , PF , ̟F ,
kF and vF the maximal order of F , the maximal ideal of OF , a prime
element of PF , the residue field of F and the valuation of F normalized
by vF (̟F ) = 1. We set q = qF to be the number of elements in kF .
Let WFbe the absolute Weil group of F . Hereafter we fix an additive
character ψ of F whose conductor is PF , i.e., ψ is trivial on PF and
not trivial on OF . For an extension E over F , we denote by trE ,
NE the trace and norm to F respectively. We set ψE = ψ ◦ trE and
χE = χ ◦NE for a quasi-character χ of F×. Let θ be a quasi-character
of E×. We denote by f(θ) an integer such that 1 + P n+1E 6⊂ Ker θ and
1 + P nE ⊂ Ker θ. The Gauss sum G(θ, ψE) is defined by
(1.6)
G(θ, ψE) =
{
q
−1/2
E
∑
x∈k×
E
θ−1(x)ψE(x) if f(θ) = 1
q
−1/2
E
∑
x∈kE
θ−1(1 +̟mE x)ψE(̟
m
E x) if f(θ) = 2m+ 1.
The λ-factor λE of E/F is defined by
(1.7) λE =
ε(IndWFWE 1WK , s, ψF )
ε(1WK , ψE)
.
It is well-known that
(1.8) ε(IndWFWE σ, s, ψF ) = λ
dimσ
E ε(σ, s, ψE)
for any representation σ of WE. The trace of matrix is denoted by Tr.
For an irreducible admissible representation π of GLl(F ), the conduc-
toral exponent of π is defined to be the integer f(π) such that the local
constant ε(s, π, ψ) of Godement-Jacquet [13] is the form aq−s(f(pi)−l).
Let G be a totally disconnected, locally compact group. We denote
by Ĝ the set of (equivalence classes of) irreducible admissible represen-
tations of G. For a closed subgroupH of G and a representation ρ ofH ,
we denote by IndGH ρ (resp. ind
G
H ρ) the induced representation (resp.
compactly induced representation) of ρ to G. For a representation π
of G, we denote by π|H the restriction of π to H .
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2. Construction of the representation GLl(F )
Let l be an arbitrary prime number (we allow the case l = p). We
set VF = F
l so that Ml(F ) = EndF (VF ) and GLl(F ) = AutF (VF ).
Throughout this paper, we write G = GF = GLl(F ) and GK = GLl(K)
In this section, we review the construction of the supercuspidal repre-
sentation of GLl(F ) and its lift to GLl(K) where K/F is a tamely
ramified extension. Most of the contents of this section are well-known
(See [8],[22] and [3].)
Definition 2.1. Let L = {Li}i∈Z be the set of OF -lattices in VF . L is
said to be a uniform lattice chain of period e = e(L) if the following
conditions hold for all i ∈ Z:
(1) Li+1 ⊂ Li,
(2) PFLi = Li+e,
(3) dimkF (Li/Li+1) = l/e.
Since we assume l is a prime, the period e(L) is either l or 1.
Definition 2.2. For a uniform lattice chain L = {Li}i∈Z of period e,
we set
A(L) = {f ∈ Ml(F )|f(Li) ⊂ Li for all i},
Then A(L) is a principal order in Ml(F ) and its Jacobson radical P(L)
is
{f ∈ Ml(F )|f(Li) ⊂ Li+1 for all i}.
We also set the period e(A) of A is the period of L. Put U(A) = A×
,U(A)n = 1 +Pn for any positive integer n and
K(A) = Aut(L) = {x ∈ GLl(F )|x−1Ax = A}.
By taking an appropriate OF -basis of L0, we express the principal
orders by the following matrix form. If e(L) = l, A (resp. P(L))
is G-conjugate to Ml(OF ) (resp. Ml(PF )). When e(L) = 1, up to
G-conjugacy,
A(L) =


OF OF · · · OF
PF OF · · · OF
. . . . . . . . . . . . . . . . . .
PF PF · · · OF


and
P(L) =


PF OF · · · OF
PF PF · · · OF
. . . . . . . . . . . . . . . . . .
PF PF · · · PF

 .
Let r, n be integers satisfying
n > r ≥
[n
2
]
≥ 0,
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where [x] denote the greatest integer ≤ x. For β ∈ Ml(F ), we define a
function ψβ on U(A)
r by
(2.1) ψβ(1 + x) = ψ(Tr βx).
Then the map u 7→ ψβ induces an isomorphism between P−r+1/P−n+1
and the complex dual, (U(A)r/U(A)n) ,̂ of U(A)r/U(A)n.
Definition 2.3. Let E/F be a field extension in Ml(F ). An element
β ∈ E is said to be E/F -minimal if the following conditions hold:
(1) (vE(β), e(E/F )) = 1.
(2) kF (̟
−vE(β)
F β
e(E/F ) mod PE) = kE.
When E ⊂ ML(F ) and E 6= F , E/F is an extension of degree l since
l is a prime. Thus we can identify E with VF . By this identification,
{P iE}i∈Z becomes a uniform lattice chain of period e(E/F ) . We put
A(E) = A(P iE).
Proposition 2.4. Suppose β is E/F -minimal and E 6= F . For A =
A(E), we have:
(1) K(A) = E×U(A) and E× ∩ U(A) = O×E .
(2) E ∩ Pm = PmE for all integers m and E× ∩ U(A)m = 1 + PmE
for all integers m ≥ 1.
(3) Let x ∈ Pl. If βx− xβ ∈ Pm+l+1, then x ∈ E +Pl+1.
Proof. The last assertion of the above proposition is due to Carayol
(see [8]). The rest is obvious. 
We shall construct the irreducible supercuspidal representations of
GLl(F ) from E/F -minimal elements. Let E/F be a field extension of
degree l, β an E/F -minimal element and A = A(E). Put vE(β) =
1 − n < 0 and m = [n/2]. Then ψβ is a quasi-character of U(A)m
whose kernel contains U(A)n. Put H = E×U(A)m and define a quasi-
character ρβ,θ of H by
(2.2) ρβ,θ(h · g) = θ(h)ψγ(g) for h ∈ E×, g ∈ U(A)m
where θ is a quasi-character of E× such that θ|E×∩U(A)m = ψβ|E×∩U(A)m .
We note f(θ) = 1 − vE(β) = n where f(θ) is the exponent of the
conductor of θ i.e. the minimum integer such that Ker θ ⊂ 1 + P nE .
Put J be the normalizer of ψβ in K(A) i.e.
J = {a ∈ K(A) | ψaβ = ψβ}
where ψaβ(x) = ψβ(a
−1xa) for x ∈ U(A)m. Then J = E×U(A)m′ where
m′ = [n/2] by virtue of Proposition 2.4. Put ηβ,θ = Ind
K(A)
H ρβ,θ.
When n is even, i.e. n = 2m, then J = H = E×U(A)m. By the
Clifford theory, ηβ,θ is an irreducible representation of K(A). We put
(2.3) κβ,θ = ηβ,θ.
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When n is odd, i.e. n = 2m − 1, then J = E×U(A)m−1. Thus
ηβ,θ is not an irreducible representation of K(A). Even in this case, we
can describe the irreducible component of ηβ,θ by β and θ. If E/F is
unramified. we put
(2.4)
κβ,θ =
(−1)l(ql(l−1)/2 − (−1)l−1)(q − 1)
ql(l−1)/2(ql − 1)
∑
χ∈(E×/F×(1+PE))ˆ
ηβ,θ⊗χ+(−1)l−1ηβ,θ.
Now we assume we treat the case E/F is ramified. If l 6= p, we put
(2.5) κβ,θ =
1−
(q
l
)
q(l−1)/2
lq(l−1)/2
∑
χ∈(E×/F×(1+PE))ˆ
ηβ,θ⊗χ +
(q
l
)
ηβ,θ
where
(q
l
)
is the Legendre symbol. By Lemma 3.5.30 and Lemma 3.5.33
in [22], the virtual representation κβ,θ is an irreducible component of
ηθ.
Next we treat the case l = p. If f is odd, we put
(2.6) κθ =
p−1∑
i=0
(
1
pq(l−1)/2
+
(
i
p
))
p(f−1)/2
G0G(β)
ηθ⊗χi
where χ is a generator of (E×/F×(1 + PE))̂determined by χ(̟E) =
exp(2π
√−1/p) and G0, G(β) are Gauss sums defined by
G(β) =
1√
q
∑
x∈kE
ψ(trkE/kF
1
2
β̟
2(m−1)
E (−1)(p+1)/2x2)(2.7)
G0 =
1√
p
l∑
a=1
(
a
p
)
exp(2π
√−1a/p).(2.8)
When f is even, we put
(2.9) κθ =
∑
χ∈(E×/F×(1+PE))ˆ
q1/2G(β)− q(p−1)/2
G(β)pqp/2
ηθ⊗χ +
1
q1/2G(β)
ηχ.
By Proposition 3.4 in [27], κθ is an irreducible component of ηθ.
Finally we consider the level 1 supercuspidal representation. Let
E/F be an unramified extension of degree l ,θ a quasi-character of E×
which is trivial on 1 + PE and A = A(E). Then there is an irreducible
representation κθ of U(A) which is trivial on U(A)
1 and its tensor prod-
uct with the pull-back of the Steinberg representation of U(A)/U(A)1 ≃
GLl(kF ) is the representation induced by the one-dimensional represen-
tation tx 7→ θ(t), t ∈ O×E , x ∈ U(A)1, of the subgroup O×EU(A)1. We
denote by κθ the representation tx 7→ θ(t)κθ(x), t ∈ F×, x ∈ U(A), of
K(A).
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Theorem 2.5. Let the notation be as above. Then κβ,θ and κθ are
irreducible representations of K(A). Put πF (β, θ) = ind
G
K(A) κβ,θ and
πF (θ) = ind
G
K(A) κθ. Then πF (β, θ) and πF (θ) are irreducible supercusp-
idal representations of G = GLl(F ) with f(πF (u, θ) = f(E/F )(f(θ)−
1) + l and f(πF (θ)) = lf(θ). Every irreducible supercuspidal represen-
tation of G can be written in the form χπF (β, θ) or χπF (θ) for some
E/F -minimal element β, θ ∈ F̂ (β)× and χ ∈ F̂×.
The ε-factors of all supercuspidal representations of G have been
calculated completely. (See [22],[20]).
Theorem 2.6. Let πF (β, θ) and πF (θ) be as above. Put n = f(θ). For
χ ∈ F̂×, we pick an element cχ ∈ F such that χ(1 + x) = ψF (cχx)
for x ∈ P [(f(χ)+1)/2]F . (If f(χ) ≤ 1, we take cχ = 0). Put n(χ) =
max(n, e(E/F )(f(χ)− 1) + 1) and βχ = β + cχ.
(1) If n(χ) is even,
ε(χπF (β, θ), s, ψ) = ψE(βχ)(χEθ)(β
−1
χ )|βχ|sE .
(2) If n(χ) = n = 1,
ε(χπF (θ), s, ψ) = (−1)l−1ε(χEθ, s, ψE).
(3) If n(χ) 6= 1 is odd,
ε(χπF (β, θ), s, ψ) = ψE(βχ)(χEθ)(β
−1
χ )|βχ|sEG
where the Gauss sum G is defined by
G =

G(θ, ψE) if n = n(χ)and E/F is tamely ramified
G(β) if n = n(χ)and E/F is wildly ramified
λEG(χ, ψF )
l if n > n(χ)
where λE is defined in (1.7).
3. Explicit correspondences and tame base change lift
Now we consider some correspondences between AF (l) and GF (l)
which satisfy the conditions (i)-(iv) of the local Langlands correspon-
dence. When l 6= p or l = p and E/F is unramified, this is a special
case of Howe-Moy correspondence.
Definition 3.1. A quasi-character θ of E× is called generic if f(θ) 6≡
1 mod l. For a generic character θ of E×, βθ ∈ P 1−f(θ)E − P 2−f(θ)E is
defined by
(3.1) θ(1 + x) = ψE(βθx) for x ∈ P [(f(θ)+1)/2]E .
Then β is E/F -minimal. We denote by Ê×gen the set of generic quasi-
characters of E×.
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Remark 3.2. When E/F is tamely ramified, the generic quasi-character
θ determines uniquely πF (βθ, θ). (See [22]). In this case we simply
denote πF (β, θ) by πF (θ). When l = p, we need β to determine the
representation πF (β, θ).
To separate the wildly ramified case, we introduce some notations.
Let Awrl (F ) denote the set π = χπF (β, θ) ∈ Al(F ) with the property
that F (β)/F is wildly ramified. π ∈ Awrl (F ) is equivalent to l = p
and π ≃ χπ for some unramified quasi-character χ 6= 1 of F×. We
put Atl(F ) = Al(F ) \ Awrl (F ). Similarly let Gwrl (F ) denote the set
σ ∈ Gl(F ) with the property that σ ⊗ χ is equivalent to π for some
unramified quasi-character χ 6= 1 of F× and l = p. We also put Gtl (F ) =
Gl(F ) \ Gwrl (F ). If p 6= l, Al(F ) = Atl(F ) and Gl(F ) = Gtl (F ) The
Howe-Moy correspondence gives a bijection between Gtl (F ) = Atl(F ).
(See [22] and [12].)
If E/F is tamely ramified, λE is easily calculated.
Lemma 3.3. Let E/F is a tamely ramified extension of degree l. Then
λE =

(−1)l−1 if e(E/F ) = 1,(q
l
)
if e(E/F ) = l 6= 2
q−1/2
∑
x∈kE
sgn−1E/F (x)ψE(x) if e(E/F ) = l = 2
Proof. See (2.5.3), (2.5.5) and Proposition 2.5.11 of [22]. 
Theorem 3.4. Let E be a tamely ramified extension of F of degree l
and θ be a generic quasi-character of E×. We define a quasi-character
δE of E
× as follows:
When e(E/F ) 6= 2, δE(x) = λvE(x)E .
When e(E/F ) = 2,
δE(x) =

1 if x ∈ 1 + PE,
sgnE/F (x) if x ∈ F×,
λE if x = βθ.
We set
σF (θ) = δE Ind
WF
WE
.
(1) the representation σF (θ) belongs to Gtl (F ) and any element of
Gtl (F ) can be written in the form χσF (θ) for an extension E/F
of degree l, a generic character of E× and a quasi-character χ
of F×.
(2) Define the map ΦFl from Gtl (F ) to Atl(F ) by
ΦFl (χσF (θ)) = χπF (δEθ).
Then ΦFl is a bijection which satisfies the following conditions:
(a) For χ ∈ F̂×and σ ∈ Gtl (F ),
ΦFl (χσ) = χΦ
F
l (σ).
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(b) For σ ∈ Gtl (F ),
ΦFl (σˇ) = Φ
F
l (σ)
∨.
(c) Let ωpi denote the central quasi-character of π ∈ Al(F ).
For σ ∈ Gtl (F ).
ωΦF
l
(σ) = det σ.
(d) For σ ∈ Gtl (F ),
ε(ΦFl (σ), s, ψF ) = ε(σ, s, ψF ).
Since Gwrp (F ) contains non-monomial representations, the correspon-
dence between Gwrp (F ) and Awrp (F ) becomes more complicated. We use
the tame lifting of Bushnell-Henniart [3]. For any tamely ramified ex-
tension K/F , including the case K/F is non-Galois, the tame lifting
map lK from Awrpi (F ) to Awrpi (K) is constructed by Bushnell-Henniart.
Since we consider the case i = 1, this base change is easy to describe.
Since K/F is tamely ramified, E ⊗F K = EK is an extension of field
of K, GK = G(K) can be identified with AutK(E⊗F K) and β = β⊗1
becomes an EK/K-minimal element in VK = EndK(EK). Moreover
if θ is a quasi-character of E× such that θ(1 + x) = ψ(trE/F βx) for
x ∈ PmE , then θ◦nEK/E(1+x) = ψK(trEK/K βx) for x ∈ PmEK. Therefore
we get an irreducible supercuspidal representation πK(β, θ ◦NEK/E) ∈
Awrp (K).
Theorem 3.5. Let K/F be an extension of degree prime to p and
lK the lifting from Awrp (F ) to Awrp (K) defined by (5.3.3) in [3]. Put
∆K = det Ind
WF
WK
1WK ∈ F̂× and ∆˜ = ∆K ◦NE/F ∈ Ê×. For πF (β, θ) ∈
Awrp (F ) and χ ∈ F̂×, we have:
lK(χπF (β, θ)) = χKπK(β, (∆˜
e(E/F )−1θ) ◦ NEK/E)
=
{
χKπK(β, θ ◦ NEK/E) e(E/F ) 6= 2
χKπK(β, (∆˜θ) ◦ NEK/E) e(E/F ) = 2.
Proof. Since two lifting maps are compatible with twist of quasi-character
of F×, we may assume χ = 1. By Proposition 10.2 of [3], it suffices to
say
ε(lK(πF (β, θ)), s, ψK) = ε(πK(β, (∆˜
e(E/F )−1θ) ◦ NEK/E), s, ψK).
(Other conditions (a) and (b) in Proposition 10.2 of [3] are obvious in
our case.) Theorem 1.6 of [3] tells us that
λpKε(lK(πF (β, θ)), s, ψK) = ∆(NE/F (β))ε(πF (β, θ), s, ψF )
[K:F ].
On the other hand, it follows from Proposition 2.2.11 of [20] that
λpKε(πK(β, θ ◦ NEK/E), s, ψK) = ∆(NE/F (β))ε(πF (β, θ), s, ψF )[K:F ]
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if p 6= 2. (Proposition 2.2.11 of [20] assumes K/F is Galois, but it
holds including the case K/F is non-Galois since Proposition 2.5.16 of
[22] holds for any tamely ramified extension K/F .) Hence the assertion
holds when p 6= 2. When p = 2, n(πF (β, θ) = 1 − vE(β) is even since
(vE(β), p) = 1. Therefore Theorem 2.6 tells us
ε(πK(β, θ ◦ NEK/E), s, ψK) = ε(πF (β, θ), s, ψF )[K:F ].
Since ∆K ◦ NK/F is unramified and ∆−1K = ∆K ,
ε(πK(β, (∆˜θ)◦NEK/E), s, ψK) = ∆K◦NK/F (β)ε(πK(β, θ◦NEK/E), s, ψK).
Hence our assertion holds. 
Remark 3.6. Two quasi-characters ∆K and δK is closely related. If
e(K/F ) is odd., ∆K ◦ NK/F = δK . (See Corollary 2.5.5 of [22].)
Using the tame lifting map lK , Bushnell-Henniart ([3]) has con-
structed the correspondence Gwrpi (F ) to Awrpi (F ). For i = 1, this map
coincides with the local Langlands correspondence and is compatible
with lK . This follows as a special case of Lemma 5.2 in [4].
Proposition 3.7. Let ΛFl be the local Langlands map. Then for any
tamely ramified extension K/F and σ ∈ Gwrp (F ), we have:
lKΛ
F
l (σ) = Λ
K
l (σ|WK).
Proof. By Lemma 5.2 in [4], it suffices to say that the exponent f(πβ,θ)
of the conductor of πβ,θ ∈ Awrp (F ) is prime to p. It follows from the
fact that f(πβ,θ) ≡ −vE(β) mod p. 
We define the lift lK for π ∈ Atl(F ) as in the case π ∈ Awrl (F ).
Definition 3.8. Let E/F be an extension of degree l , θ ∈ Ê×gen and
χ ∈ F̂×. Assume K is a tamely ramified extension of F such that
([K : F ], l) = 1. Then we define lK(χπF (θ)) by
lK(χπF (β, θ)) = χK(∆K ◦ NK/F )e(E/F )−1πK(β, θ ◦ NEK/E)
=
{
χKπK(β, θ ◦ NEK/E) e(E/F ) 6= 2
χK(∆K ◦ NK/F )πK(β, θ ◦ NEK/E) e(E/F ) = 2.
This lifting is compatible with Φl.
Proposition 3.9. Let K/F be a finite, tamely ramified extension sat-
isfying K ∩ E = F . For σ ∈ Gtl (F ),
lKΦ
F
l (σ) = Φ
K
l (σ|WK).
Proof. Since lK and Φl are compatible with quasi-character twist, we
may assume σ = σF (θ) for θ ∈ Ê×gen. By the definition of lK and Φl,
(ΦKl )
−1(lK(Λ
F
l (σF (θ)))) = Ind
WK
WEK
δEK/K((∆˜
e(E/F )−1θ) ◦ NEK/K).
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On the other hand, it follows fromWEWK = WF andWE∩WK = WEK
that Mackey’s Theorem tells us
σF (θ)|WK = IndWKWEK(δEθ) ◦ NEK/E .
Thus it suffices to say that
(3.2) δEK/K(∆˜
e(E/F )−1 ◦ NEK/K) = δE ◦ NEK/E .
When e(E/F ) is odd, this is obvious. So we assume e(E/F ) = 2. By
the definition of δ, we have only to show (3.2) for x ∈ K× and β. For
x ∈ K×,
δEK/K(∆˜ ◦ NEK/K(x)) = δEK/K(x)∆K ◦ NK/F (x2)
= sgnEK/K(x).
since ∆K has at most order 2. The right hand side of (3.2) becomes
sgnE/F (NEK/E(x)), which equals to sgnEK/K(x) since [K : F ] is odd.
We compare the value of both sides of (3.2) at β. The left hand
side is δEK/K(β)∆K(NE/F (β))
[K:F ]. It follows from Remark 3.6 that
∆K(NE/F (β)) = δ
vK(β)
K . Thus it amounts to λEK/KλK . The right hand
side becomes λ
[K:F ]
E . After all, the equation λEK/EλK = 1 gives the re-
sult. When [K : F ] is prime, it follows from Lemma 3.3. The composite
case is obtained by the transitivity property of λ-factor. 
We need to show that the Howe-Moy correspondence Φl′ coincides
with the Local Langlands correspondence Λl′.
Theorem 3.10. For any prime l′ 6= p,
ΦFl′ = Λ
F
l′ .
Proof. If l′ = 2, it follows from Converse Theorem ([9]). We assume
l′ is an odd prime. Let π ∈ AF (l′) . Then there exist an extension
E/F of degree l′, θ ∈ ̂(E×)gen and χ ∈ F̂× such that π = χEπF (θ) as
in Remark 3.2. When E/F is unramified, Theorem 9.2 ([26]) implies
ΦFl′ (π) = χE Ind
WF
WE
θ = ΛFl′ (π). When E/F is ramified, the assertion
follows from Theorem B in [7]. 
Remark 3.11. Theorem 9.2 ([26]) is proved under the assumption p > l,
but this assumption is dispensable. The key point is to prove that
Θκpi(x) = Θpi(x) for x ∈ E×\F×(1 + P rE)
where Θpi is a distribution character of π and Θ
κ
pi is a κ-twisted dis-
tribution character of π for κ ∈ (F×/nE/F (E×)) .̂ This is proved in
Theorem 6.1 ([26]) without using the assumption p > l.
By Propostion 3.7, Propostion 3.9 and Theorem 3.10, Φl is comatible
with l for any prime l.
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Corollary 3.12. Let K/F be a finite, tamely ramified extension satis-
fying K ∩ E = F . For any prime l and σ ∈ Gl(F ),
lKΦ
F
l (σ) = Φ
K
l (σ|WK).
4. ε-factor of pairs
In this section, we consider the ε-factor ε(π1 × π2, s, ψF ). Let l′ be
a prime not equal to l and p. We treat the case π1 ∈ AF (l) and π2 ∈
AF (l′). Since the local Langlands correspondence and the Bushnell-
Henniart base change lift are compatible with quasi-character twists,
we may assume π1 and π2 are minimal.
Theorem 4.1. Let π1 ∈ AF (l) and π2 ∈ AF (l′) where l′ is a prime not
equal to l and p. Let E2/F be an extension of degree l
′, θ2 ∈ ̂(E×2 )gen
and χ2 ∈ F̂× such that π2 = (χ2)E2πF (θ2) as in Remark 3.2. Then we
have
(4.1) ε(π1 × π2, s, ψF ) = λE2ε(χ2δE2θ2lE2(π1), s, ψE2).
Proof. It follows from ΦFl′ = Λ
F
l′ that
(ΛFl′ )
−1(πF ((χ2)E2(θ2)) = Ind
WF
WE2
(χ2δE2θ2).
Put (ΛFl )
−1(π1) = σ1. Then we have:
ε(π1 × π2, s, ψF ) = ε(σ1 ⊗ IndWFWE2 (χ2δE2θ2), s, ψF ).
Since
IndWFWE2
σ1 ⊗ χ2δE2θ2 = IndWFWE2 (σ1|WE2 ⊗ χ2δE2θ2)
and
ε(IndWFWE2
σ, s, ψF ) = λ
dimσ
E2
ε(σ, s, ψE1) for σ ∈ GE2(l′),
we obtain
ε(π1 × π2, s, ψF ) = ε(σ1|WE2 ⊗ Ind
WF
WE2
(χ2δE2 , s, ψF )
= λE2ε(σ1|WE2 ⊗ (χ2δE2θ2), s, ψE1).
Assume l 6= p, then π1 can be written in the corm χ1πθ1and σ2 =
IndWFWE1
(χ1δE1θ1. By the Mackey decomposition and WE1WE2 = WF ,
we have
(IndWFWE1
χ1δE1θ1)|WE2 = Ind
WE2
WE1E2
(χ1δE1θ1) ◦ NE1E2/E1 .
Since (χ1δE1θ1) ◦ NE1E2/F does not factor through NE1E2/E2,
Ind
WE2
WE1E2
((χ1δE1θ1) ◦ NE1E2/E1 ∈ GE2(l).
Therefore we have :
ε(π1 × π2, s, ψF ) = λE2ε(IndWE2WE1E2 (χ1δE1θ1)⊗ χ2δE2θ2 ◦ NE1E2/E2 , s, ψE1)
= λE2ε(χ2δE2θ2 ⊗ (χ1)E1E2πE2((θ1 ◦ NE1E2/E1), s, ψE2).
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(The last equality follows from ΛE2(πθ1 ◦NE1E2/E1) = IndWE2WE1E2 (θ1δE1)◦
NE1E2/E1.)
When l = p, it follows from Proposition 3.7 and Proposition 3.5 that
ΛE2(σ1|WE2 ) = lE2(π1)
= (χ1)E1E2πE2(β1, θ1 ◦ NE1E2/E1).
Thus we have
ε(π1×π2, s, ψF ) = λE2ε(χ2δE2θ2⊗(χ1)E1E2πE2(β1, θ1◦NE1E2/E1), s, ψE2).

By combining Theorem 2.6 and Theorem 4.1, we get the complete
list of
varepsilon(π1 × π2, s, ψF ) for π1 ∈ AF (l) and π2 ∈ AF (l′) where l is
any prime and l′ is a prime 6= l.
Remark 4.2. By the result of [7] , Theorem 4.1 may be extended to the
case π1 ∈ AtF (m) and π2 ∈ AtF (n) where (m,n) = 1.
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